Abstract. Let F be a free group (pro-p group) and U and W two finitely generated subgroups (closed subgroups) of F . The Strengthened Hanna Neumann conjecture says that
Introduction
Let F be a free group and U and W two finitely generated subgroups of F . In 1954, A. G. Howson [17] showed that rk(U ∩ W ) ≤ 2rk(U )rk(W ) + rk(U ) + rk(W ), where rk(U ) = max{rk(U ) − 1, 0}.
Three years later H. Neumann [29] improved the Howson bound and proved that rk(U ∩ W ) ≤ 2rk(U )rk(W ).
She also conjectured that the factor of 2 in the above inequality is not necessary and that one always has rk(U ∩ W ) ≤ rk(U )rk(W ).
This statement became known as the Hanna Neumann conjecture. It received a lot of attention since then.
In 1990, W. D. Neumann [30] conjectured that, in fact, the following inequality holds x∈U \F/W rk(U ∩ xW x −1 ) ≤ rk(U )rk(W ).
This conjecture received the name of the Strengthened Hanna Neumann conjecture. It was proved independently by J. Friedman [16] and I. Mineyev [28] only in 2011 and these proofs were also the first proofs of the original Hanna Neumann conjecture. Later W. Dicks gave a simplification for both proofs (see [8, 9] ).
It is clear that we can ask a similar question in the context of pro-p groups. Let U and W be a finitely generated closed subgroups of a free pro-p group. Is it true that (1) x∈U \F/W rk(U ∩ xW x −1 ) ≤ rk(U )rk(W )?
A variation of this question is considered in [32, Open Question 9.1.21] . In [23, Proposition 3.6] A. Lubotzky proved that free pro-p groups have Howson's property, i.e. the intersection of two closed finitely generated subgroups is again finitely generated. However, Lubotzky's proof was not constructive and did not provide any upper bound on the rank of the intersection U ∩ V in terms of the ranks of U and V . The main result of this paper is to prove the inequality (1).
Theorem 1.1. The Strengthened Hanna Neumann conjecture holds in a free pro-p group.
After some preparations in Sections 2 and 3, we prove Theorem 1.1 in Section 4. Note that Friedman's and Mineyev's proofs of the Strengthened Hanna Neumann conjecture for abstract free groups use combinatorial methods of actions of groups on graphs. Unfortunately, we do not have analogous techniques in the case of pro-p groups. However, as in many other similar situations (like, for example, in the proof of the pro-p analog of the Kurosh subgroup theorem [27] ), we can use (co)homological methods. It turns out that our homological approach works also in the abstract case and this leads us to a new proof of the original Strengthened Hanna Neumann conjecture.
We will provide all the details of this new proof. Thus, the reader interested only in the Strengthened Hanna Neumann conjecture for abstract free groups may skip Sections 2, 3 and 4 and start reading the paper from Section 5.
Our hope is that this new method can be used in the proof of the Hanna Neumann conjecture (and probably of the Strengthened Hanna Neumann conjecture) for nonabelian surface groups. The best result for surface groups is due to T. Soma [37] (see also [36] ) and says that rk(U ∩ V ) ≤ 1161rk(U )rk(V ) for two finitely generated subgroups U and V of a surface group.
One of the tools that we use in our proof in the abstract case is the Lück approximation conjecture for free groups. We believe that this result is also of independent interest. Theorem 1.2. The Lück approximation conjecture holds for free groups.
In Section 5 the reader will find all the definitions and a brief historical account of this conjecture and the proof of Theorem 1.2. The Strengthened Hanna Neumann conjecture for abstract free groups is proved in Section 7 after some preparatory work in Section 6.
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Let H be an open normal subgroup of G. We denote by φ G/H the map induced by
φ G/H (a 1 , . . . , a n ) = (a 1 , . . . , a n )A φ for any (a 1 , . . . , a n )
We put
. . be a chain of normal open subgroups of G with trivial intersection. In this section we will study the behavior of the sequence {k G/Gi (φ)} where G is a free finitely generated pro-p group.
Our first result is well-known and its variation has appeared for example in [1,
Hence by [1, Lemma 4.1] , c G/H1 (φ) ≤ c G/H2 (φ). Thus, we also obtain that
The following consequence is almost immediate. 
and they do not depend on the chain G = G 1 > G 2 > . . ..
Proof. By Lemma 2.1 the sequence {k G/Gi (φ)} is decreasing. This implies that there exists the limit lim
. . be another chain of normal open subgroups of G with trivial intersection. Then for any i there exists j such that G j ≤ G i and G j ≤ G i . Hence by Lemma 2.1,
This implies that the limit lim i→∞ k G/Gi (φ) does not depend on the choice of the chain G = G 1 > G 2 > . . .. Clearly the same holds for the limit lim i→∞ c G/Gi (φ). Now we assume that G is a finitely generated free pro-p group. We want to show that k G (φ) is always an integer in this case. The reader may compare this result with [1, Theorem 4.3] . We will use a similar strategy in our proof. Theorem 2.3. Let F be a finitely generated free pro-p group and φ :
We fix n for a moment and put G = F/γ n (F ). Then G is finitely generated torsion free nilpotent pro-p group. 
by Corollary 2.2, we obtain that lim k→∞ c F/F p k γn(F ) (φ) is also equal to c F/γn(F ) (φ). Now, we will construct inductively a chain
The group F 1 is F . Assume that we have constructed F i−1 satisfying (1) and (2) . Since lim
and so (2) also holds. From the construction it follows that ∩ i F i = 1 and [32, Section 6] ). For simplicity we will write Tor G n instead of Tor
In this section F will denote a finitely generated free pro-p group. The following result is well-known for specialist, but we was not able to find an exact reference for it. Therefore, we include an indication for its proof.
d . Then P is free as a right F -module. In particular we obtain the following.
(1) If P is a finitely generated right submodule of
for some non-negative integer r. (2) Every finitely presented right F -module is isomorphic to P 1 /P 2 , where
for some non-negative integers r and d. 
, F p ) = 0 is injective, and so, Tor
] is a local ring, P is free.
From now on we fix a chain F = F 1 > F 2 > . . . of normal open subgroups of F with trivial intersection. We put
Remark. We do not know whether the value of β For simplicity we put β
exists, it does not depend on the chain {F i } and it is an integer.
Proof. Since M is a finitely presented F -module, by Lemma 3.1, there exists a homomorphism of F -modules φ :
is exact. Then tensoring this sequence with
, we obtain the exact sequence
Thus, by Corollary 2.2 there exists
and it does not depend on the sequence {F i }. Since F is a free pro-p group, Theorem 2.3 implies that this limit is an integer.
The functions β 1 inherits many properties of Tor 1 . For example, we have the following result. Proof. Since every closed subgroup U of F is free, Tor Proof. By Lemma 3.1, M is isomorphic to P 1 /P 2 , where P 2 ≤ P 1 are finitely generated free left F -modules. Since P 2 is a finitely generated F -module, the submodule (F − 1)P 2 is open in P 2 . Thus, there exists an open submodule P 1 of P 1 such that
] is a local ring, any lifting of a F p -basis of P 1 /(F − 1)P 1 is a free generating set of P 1 . Hence, from (2) it follows that we can complete a free generating set of P 2 to a free generating set of P 1 . Therefore P 2 is a free summand of P 1 , i.e. there exists a free submodule P 2 such that P 1 = P 2 ⊕ P 2 . Thus, P 1 /P 2 ∼ = P 2 is free and of finite codimension in
Corollary 3.5. Let N and M be right and left F -modules respectively. Assume that (1) N is finitely presented and (2) M is finitely presented or of finite dimension Then Tor
Proof. First consider the case where M has finite dimension. Since N is finitely presented, there exist an exact sequence of right F -modules
Tensoring this sequence with M we obtain the following exact sequence.
Hence, Tor 
is also finite.
Let now H be a (closed) finitely generated subgroup of F and H i = F i ∩ H. Let N and M be right and left H-modules respectively. We put
Since H is also a free pro-p group, all the properties, established for β 
Let M be a left (or right) F -module and H a normal open subgroup of F . We say that M is H-admissible if there exists a free F -submodule P of M of finite codimension such that M/P is H-trivial.
Observe, that by Proposition 3.4, every finitely presented F -module M contains a free submodule P of finite codimension. If H is equal to the kernel of the action of F on M/P , then we obtain that M is H-admissible. Now we are ready to prove the main result of this section. Theorem 3.6. Let F be a free finitely generated pro-p group, H a normal open subgroup of F and M a left H-admissible F -module. Then there is a left H-submodule M of M such that β
Remark. Note that when F is 2-generated, then, in fact, dim Fp (M/M ) should be equal to β 
. In the first case we simply take M = M 1 and we have done. Thus, let us assume that β
Recall that H acts trivially on M/M 1 . Let a ∈ M \M 1 and put M = a, M 1 . The following exact diagram of H-modules
induces the following exact diagram of F p -vector spaces (here we assume that F i ≤ H):
we obtain that
Taking into account that β i • φ i = ψ i • α i , we obtain that β i (Im φ i ) ≤ Im ψ i and since ker β i = 0, we conclude that
a contradiction. Thus, β H 1 (M ) = 0 and we are done.
The Strengthened Hanna Neumann conjecture for pro-p groups
The main result of this section is the following theorem.
Theorem 4.1. Let F be a finitely generated free pro-p group and let N and M be right and left finitely presented F -modules respectively. Then
Without loss of generality we may also assume that H acts trivially on N/N 0 and M/M 0 .
By Lemma 3.3,
Hence, applying again Lemma 3.3, we obtain that
Therefore, using (3), we obtain that
Now let us see how Theorem 4.1 implies the Strengthened Hanna Neumann conjecture for pro-p groups. In the following lemma ⊕ will denote the profinite direct sum (as it is defined in [27, 1.12]). Lemma 4.2. Let U, W ≤ F be two finitely generated closed subgroups of a finitely generated free pro-p group F . Then
In particular, β
as right F i -modules. By [32, Lemma 6.10.10],
are isomorphic as right F -modules, we conclude that
In particular, if M = F p , we obtain that β
Using that
as left U -modules and that the fuctor Tor Ui 1 (F p , −) commutes with the profinite direct sum [27, Lemma 3.3], we conclude that (7) Tor
Fix for a moment i (for, example let i = 1). Let
Note that x ∈ S if and only if Tor
Thus, since, by Corollary 3.5, the left part of the expression (7) is of finite dimension, we obtain that S is finite. Hence the profinite direct sum in the right part of the expression (7) is finite, and so,
Combining this with the equality (5) we obtain that
Now consider the equality (8) when i tends to infinity. Then we obtain that
and we are done.
Corollary 4.3. Let F be a free pro-p group and U and W two closed finitely generated subgroups of F . Then
Proof. If the inequality does not hold, then there exists a finite subset S of U \F/W such that x∈S rk(U ∩ xW x −1 ) > rk(U )rk(W ). Thus, substituting, if necessary, F by the subgroup generated by U , W and S, we may assume without loss of generality that F is finitely generated.
Then by Lemma 4.2,
Hence Theorem 4.1 implies
5. The Lück approximation conjecture for free groups Let G be a discrete group and let l 2 (G) denote the Hilbert space with Hilbert basis the elements of G; thus l 2 (G) consists of all square sumable formal sums g∈G a g g with a g ∈ C and inner product g∈G a g g,
The group G acts on l φ(a 1 , . . . , a n ) = (a 1 , . . . , a n )A φ for any (a 1 , . . . , a n 
Let H be a normal subgroup of G. The multiplication on the right side by A φ induces also a bounded linear operator φ G/H : (l
n be the orthogonal projection onto ker φ G/H . We put
where 1 i is the element of (l 2 (G/H)) n having 1 in the ith entry and 0 in the rest of the entries. The number dim G/H (ker φ G/H ) is the von Neumann dimension of ker φ G/H . Now, let G = G 1 > G 2 > . . . be a chain of normal subgroups of G with trivial intersection. The Lück approximation conjecture [24] says the following:
Conjecture. For every group G and every chain G = G 1 > G 2 > . . . of normal subgroups of G with trivial intersection
W. Lück gave a very elegant proof of the conjecture in the case where G is an arbitrary group, G k are of finite index and A φ has rational coefficients ( [25] ). In the case where G/G k are sofic and the coefficients of A φ are rational the conjecture is proved by G. Elek and E. Szabó in [14] . Combining the ideas of [14] with the methods of [12] one can show that the conjecture holds when G/G i are sofic and the coefficients of A φ are algebraic over Q. By a result of G. Elek, the conjecture is also known in full generality when G is amenable ( [13] , see also [31] ). We note that one of the two inequalities of the conjecture is well-known to specialists and attributed to D. Kazhdan. Its proof is essentialy contained in [23 
The main result of this section is the proof of the Lück approximation conjecture for free groups. The theorem is a consequence of Proposition 5.1 and the following result. Proposition 5.3. Assume the previous notation and suppose that G is a free group. Then for every normal subgroup H of G,
Proof. Let T be a subring of a ring S. We say that T is division closed in S if each element of T which is invertible in S is also invertible in T . The division closure D S (T ) of T in S is the smallest subring of S which contains T and it is division closed in S. Linnell's solution of the strong Atyah Conjecture for free groups [20] implies that the division closure . . , a n ) = (a 1 , . . . , a n )A φ for any (a 1 , . . . , a n ) ∈ (D(G)) n .
Recall that the inner rank r R (A) of a n by m matrix A over a ring R is defined as follows.
A square matrix is called full if its inner rank coincides with its size. In [10] W. Dicks and E. D. Sontag introduced the notion of Sylvester domain that can be characterized as a ring R that can be embedded in a skew field D in such way that every full matrix over R becomes invertible over D. If, moreover D = D D (R), then the Cohn theory of skew R-fields implies that D is unique (as a R-ring) and it is called the universal skew R-field (see [7, 4.5 
]).
It is a classical result due to G. M. Bergman and P. M. Cohn (see, for example, the discussion in [6] ) that C[G] is a Sylvester domain. Let us denote its universal field of fractions by D G . From a result of I. Hughes [18] (see also [11] ) it follows that D G and D(G) are isomorphic as C[G]-rings.
By [10, Proposition 2] (see also [7, Lemma 4.5.7] ), every fully-inverting homomorphism to a skew field preserves the inner rank. Thus,
Hence we obtain that
On the other hand, from standard properties of the von Neumann dimension (see, for exampe, [24, Theorem 1.12 (2)]), we obtain that
Hence, we conclude that
Now we give several corollaries of Theorem 5.2. The first two corollaries are about the approximation of a free group by finite quotients. By [5, Corollary 3] , we know that if G is free, then K[G] is a fir (i.e. every one-sided ideal is free). Thus every K[G]-module M is isomorphic to P 1 /P 2 where P 2 ≤ P 1 are free modules. Moreover, if M is finitely presented, then P 1 and P 2 can be chosen to be finitely generated. 
In fact, the previous corollary also holds with coefficients in any field of characteristic 0.
Corollary 5.5. Let K be a field of characteristic 0, G a free group and M a finitely presented left
. . of normal subgroups of finite index with trivial intersection. Moreover it does not depend on the chain {G i }.
Remark.
The limit that appears in the corollary will be denoted by β
In order to prove the corollary we need the following lemma.
Lemma 5.6. Let L/K be a field extension and R a K-algebra. Let N and M be right and left R-modules respectively. Put S = R ⊗ K L. Then the following equality holds.
Proof. From the definitions of Tor functors we obtain that
as L-spaces. This gives the lemma.
Proof of Corollary 5.5. Since M is a finitely presented K[G]-module, there are a finitely generated subfield K 0 of K and a homomorphism of
Thus, Corollary 5.4 implies the desired result.
The third consequence of Theorem 5.2 is about the approximation of a free group by torsion free amenable quotients. Let K be a field, Z an amenable group and assume that K[Z] has no non-trivial zero-divisors. Then it is well-known that K[Z] satisfies the left and right Ore condition and so it has the classical field of fractions that we denote by D (K[Z] ). 
Proof. As in the proof of Corollary 5.5 without loss of generality we can assume that
be an exact sequence of left C[G]-modules. From the remark at the end of the page 422 of [22] it follows that
In particular, dim G/Gi ker φ G/Gi are integers. Hence Theorem 5.2 implies that there exists i such that
Finitely presented modules over a free group
In this section we assume that F is a finitely generated free group and K is a field of characteristic 0. Let H be a subgroup of F . Then by the Nielsen-Schreier theorem H is also free. Fix a chain F = F 1 > F 2 > . . . of normal subgroups of F of finite index and assume that (10) every subgroup of finite index of F contains F k for some k.
In particular, {F i } intersect trivially. Let N and M be right and left K[H]-modules respectively. We put
. From the property (10) of the chain {F i } it follows that if M and N are also F -modules and H is a subgroup of F of finite index, then (11) β
This equality will be used only in the proof of Theorem 7.2; in the results of Section 6, it will be enough to assume a weak version of (10): the intersection ∩ k F k is trivial.
Remark. As in the pro-p case we know neither
Lemma 6.1. Let H be a subgroup of F ,
Remark. A similar statement holds if we interchange the roles of the left and right modules.
Proof. Since every subgroup U of F is free, Tor
modules induces the following exact sequence of K-spaces:
This give the desired inequalities.
The aim of this section is to prove an analog of Theorem 3.6 for K[F ]-modules. However, it seems that the straightforward analog does not hold. The main obstacle, for the argument of the proof of Theorem 3.6 to work in the case of K[F ]-modules, is that K[F ] has irreducible modules of dimension greater than 1, and so, we can not use the inductive argument as we have done in the proof of Theorem 3.6. This difficulty has led us to consider modules over a modification of the group ring K[F ]. The same ring plays an essential role in Dicks' simplification of Friedman's proof [8] .
Let L be a field and let τ : F → Aut(L) be a homomorphism. We denote by L τ [F ] the twisted group ring: its underlying additive group coincides with the ordinary group ring L[F ] but the multiplication is defined as follows
Now we are ready to present an analog of Theorem 3.6. 
Remark. Note that when F is 2-generated, then, in fact,
Proof. We divide the proof in several claims.
Note that if we define the action of
-module on which H acts trivially.
-module on which H acts trivially is also an R-module. Let K be the subfield fixed by the automorphims in the image of τ . Note that since the automorphisms from Gal(L/K) are linearly independent over L, L is a faithful R-module. On the other hand,
Thus R ∼ = End K (L) and so L is the unique irreducible R-module up to isomorphism. 
is divisible by |F : H|. By Corollary 5.7, there exists i such that 
This finishes the proof of the claim. 
By Lemma 6.1,
Since β i • φ i = ψ i • α i , we obtain that β i (Im φ i ) ≤ Im ψ i and since ker β i = 0 we conclude that
(M ) = 0 and we are done.
The Strengthened Hanna Neumann conjecture for free groups
Let F be a finitely generated free group and K a field of characteristic 0. The main result of this section is an analog of Theorem 4.1.
Let M be a left (or right) K[F ]-module and H a normal subgroup of F of finite index. We say that M is H-admissible if there exists a free submodule P of M of finite K-codimension such that M/P is H-invariant. We say that M is admissible if it is H-admissible for some normal subgroup H of F of finite index. The modules that will interest us are admissible.
Since U is finitely generated, there exists a subgroup H of F of finite index such that H is equal to the free product of U and some subgroup W of F (see [26, Proposition 3.10] ). Let u 1 , . . . , u l and w 1 , . . . , w k be sets of free generators of U and W respectively. Then the left ideal P of K[F ] generated by u 1 − 1, . . . , u l − 1, w 1 − 1, . . . , w k − 1 is free on these generators. HenceP = P/K[F ](U − 1) is free. Note thatP has finite codimension in M and
The following result is the main result of this section.
Theorem 7.2. Let F be a finitely generated free group, K a field of characteristic 0 and let N and M be right and left finitely presented admissible K[F ]-modules respectively. Then
Proof. Let H be a normal subgroup of finite index of F such that M and N are H-admissible. We put G = F/H = {g 1 , . . . , g t }. Let L = K(x g |g ∈ G) be the field of rational functions on t variables over K. Then we can define τ : F → Aut(L) as follows
. Then L/L 0 is a Galois extension with Galois group isomorphic to 
(M ) and 
First observe that β
Applying again Lemma 6.1, we obtain that
Therefore,
by ( In order to show how the Strengthened Hanna Neumann conjecture follows from Theorem 7.2 we need to prove the following two lemmas. 
and so
In particular, if M = K, we obtain that β Puting all these equalities together we obtain that
|U : U i | .
Fix for a moment i (for example, put i = 1). Let S = {x ∈ U \F/W : U ∩ xW x −1 = {1}}.
(K, K[U/(U ∩ xW x −1 )]) = {0}. Thus, since, by Lemma 7.3, the left part of the equality (16) is finite, we obtain that S is finite. Now consider the equality (16) when i tends to infinity. Then we conclude from (15) Proof. If the inequality does not hold, then there exists a finite subset S of U \F/W such that x∈S rk(U ∩ xW x −1 ) > rk(U )rk(W ). Thus, substituting, if necessary, F by the subgroup generated by U , W and S, we may assume without loss of generality that F is finitely generated.
Let K be a field of characteristic 0. Then by Lemma 7.4, 
